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ABSTRACT
We compute static equilibria of white dwarf stars containing strong poloidal magnetic
field, and present the modification of white dwarf mass-radius relation caused by the
magnetic field. We find that a maximum white dwarf mass of about 1.9 M may be
supported if the interior field is as strong as approximately 1010 T. This mass is over
30 per cent larger than the traditional Chandrasekhar Limit. The equation of state of
electron degenerate matter can be strongly modified due to Landau quantization at
such high magnetic fields. We find, however, that this does not significantly affect the
structure of the white dwarf.
Key words: stars: white dwarfs — magnetic field — stars: magnetic field — methods:
numerical — equation of state
1 INTRODUCTION
White dwarfs are the stellar remnants of low and intermedi-
ate mass stars (with mass below 10M) and are composed
primarily of electron degenerate matter. They are highly
dense, typically of the order of a solar mass squeezed within
a volume comparable to that of the earth.
In the classical limit (i.e. the kinetic energy of electrons
being small compared to rest energy) the radius of a white
dwarf is inversely proportional to the cube root of its mass.
But in the relativistic limit the electron degenerate white
dwarf mass has a maximum value of 1.44M which is known
as the Chandrasekhar mass (MCh) limit.
As the mass of an accreting white dwarf in a binary sys-
tem approaches the limiting mass, the star would undergo
a rapid contraction. Elevated temperature during this col-
lapse can trigger a runaway thermonuclear reaction resulting
in a supernova explosion of Type Ia (SNIa) (for details of
SNIa ignition process see, for example, Martin et al. (2006);
Mazzali et al. (2007)). The standard conditions that lead
to the SNIa allow them to be used as standard candles in
cosmology, and has led to the discovery of the accelerating
expansion of the Universe (Riess et al. 1998).
A small subset of SNIa is now being found to be more
luminous than usual (e.g. 2003fg, 2006gz, 2009dc). It has
been suggested that the progenitor of such over-luminous
SNIa may be super-Chandrashekhar mass white dwarfs
(M>∼2M;Howell et al. (2006); Hicken et al. (2007); Ya-
manaka et al. (2009)). Such a high mass of a white dwarf may
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derive from its rapid rotation, or a transient high mass con-
figuration may be formed in the merger of two heavy white
dwarfs (Moll et al. 2014). It has also been suggested that
strong magnetic field may be responsible for supporting this
additional mass (Das & Mukhopadhyay 2012, 2013, 2014).
However, such investigations have so far involved rather un-
realistic field configurations, such as a uniform field (Das &
Mukhopadhyay 2013) that requires sources outside the star
(Coelho et al. 2014; Nityananda & Konar 2014), or a spher-
ically symmetric field distribution (Das & Mukhopadhyay
2014) which is not fully consistent with Maxwell’s equations.
It has also been argued that the modification of electron de-
generate equation of state due to Landau quantization may
have a profound effect on the white dwarf structure, and
could raise the mass limit above 2 M, even if the effect of
magnetic pressure is ignored (Das & Mukhopadhyay 2013).
The modification of mass-radius relation of white dwarfs due
to Landau-quantized equation of state has been computed
for low-strength, uniform fields by Suh & Mathews (2000).
In this paper we compute the structure of strongly mag-
netic white dwarfs, considering the internal magnetic field to
be axisymmetric and strongly poloidal. We self-consistently
account for the Lorentz force, with current density bounded
within the star. We also include the effect of Landau quan-
tization on the equation of state of electron degenerate mat-
ter and estimate its impact on the structure of the magnetic
white dwarf. We compute a sequence of configurations for
several different internal field strengths and derive the mass-
radius relation for each case. Work of similar nature has
been previously attempted by Ostriker & Hartwick (1968),
Tomimura & Eriguchi (2005) and Lander & Jones (2009).
However these earlier works did not include the effect of
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Landau quantization, and also did not compute full struc-
ture sequences required to derive the mass-radius relation.
An outline of this paper is as follows. We present the
basic equations of stellar structure and our numerical formu-
lation in Section 2. The characteristics of the configurations
obtained using this formulation are described in Section 3.
We conclude by discussing our results in Section 4.
2 FORMULATION AND NUMERICAL
METHOD
In this section, we briefly describe the self-consistent field
formalism (Hachisu 1986; Tomimura & Eriguchi 2005; Lan-
der & Jones 2009) employed to obtain equilibrium magnetic
white dwarf configurations from the basic stellar structure
equations. Here, we use the spherical polar (r,θ,φ) and cylin-
drical polar (ξ,φ,z) coordinates with their origin coinciding
with stellar centre such that, ξ = r sin θ and z = r cos θ.
2.1 Basic Assumptions
We assume the white dwarf configuration to satisfy the fol-
lowing conditions.
(i) The white dwarf is cold throughout i.e. the tempera-
ture is well below the Fermi temperature (T  TF). So the
electrons occupy states only up to the Fermi energy (EF).
(ii) The system is in a stationary state. ( ∂
∂t
→ 0)
(iii) The system is axisymmetric, i.e. ∂
∂φ
→ 0.
(iv) The system is non-rotating.
(v) The source of the magnetic field (i.e. the current dis-
tribution) is confined within the white dwarf.
(vi) Conductivity of the stellar medium is infinite (i.e.
ideal MHD approximation)
(vii) The equation of state in the presence of the magnetic
field is calculated using the Landau level quantization of
energy levels (Lai & Shapiro 1991).
2.2 Stellar structure equations
In a stable, static white dwarf in the presence of a mag-
netic field, force due to the electron degeneracy pressure is
balanced by the gravitational force and the Lorentz force
1
ρ
∇P = −∇Φg + 1
ρ
(j×B) (1)
where P , ρ, Φg, j and B are pressure, mass density, gravita-
tional potential, current density and magnetic field respec-
tively.
The gravitational potential can be obtained from the
mass distribution using the Poisson’s equation,
∇2Φg = 4piGρ (2)
where G is the Gravitational constant.
In the ideal MHD limit (conductivity σ →∞) the mag-
netic field B satisfies the following form of Maxwell equa-
tions
∇.B = 0 (3)
and
∇×B = µ0j (4)
where µ0 is free space permeability.
To obtain a stable static stellar structure, Eq. (1)-(4)
are to be solved self-consistently. The equation of state
(P = P (ρ)) can be obtained from the Fermi degenerate
condition. The magnetic field (B) and the corresponding
current density (j) can be chosen to have a functional form
obeying the axisymmetry condition.
2.3 Equation of State
A white dwarf is a dense configuration supported by the
electron degeneracy pressure against gravitational collapse.
The interior temperature (T ) is very small compared to the
Fermi temperature (TF), and thus the electrons occupy en-
ergy states up to EF. In the absence of a magnetic field, the
electron number density ne is obtained by integrating the
phase space volume 2
h3
∫
d3p. Here the factor 2 is due to the
spin degeneracy of electrons and h3 is the phase volume of
each state.
But in the presence of a magnetic field B the compo-
nent of momentum perpendicular to B becomes quantised,
an effect known as Landau quantization. The solution of
the relativistic Dirac equation of an electron of mass me in
the presence of magnetic field B along z-axis gives, for z-
momentum pz, the energy eigenvalue of ν-th quantised level
as
Eν,pz =
[
c2p2z +m
2
ec
4
(
1 + ν
2B
Bc
)] 1
2
, (5)
where B is the magnitude of magnetic field B, Bc =
m2ec
2
h¯e
=
4.414× 109T, c is speed of light, h is the Planck’s constant,
h¯ = h/2pi, ν = (nL +
1
2
+ σ), nL=0,1,2.... and σ = ± 12
(Canuto & Chiu 1968).
As momentum is a real quantity, p2z must be non-
negative. Therefore, Eq. (5) implies that the electron can
occupy the ν-th energy level so long as ν 6 νm =
integer
(
2F−1
2β
)
, where F =
EF
mec2
and β = B
Bc
.
In classical description, a charged particle in a mag-
netic field moves in a circular orbit about a guiding centre,
which has the freedom to be located anywhere in the orbital
plane. The quantum mechanical analogue of this guiding
centre freedom, restricted within a large but finite projected
xy-plane, gives a degeneracy factor eB
h
gν per unit area to a
state of energy Eν,pz and z -momentum pz. The spin degen-
eracy factor gν is 1 for nL = 0, and 2 for nL > 1 (Landau
& Lifshitz 1974). Therefore the number of states (per unit
spatial volume) in an interval ∆pz of the z -component of
momentum, for a given ν, is gν
eB
h
∆pz
h
. Using this phase
space structure mass density and degeneracy pressure can
be calculated as listed in Table 1 (Hamada & Salpeter 1961;
Salpeter 1961; Lai & Shapiro 1991).
2.4 Current Density for Mixed Field
Configuration
From the assumption of axisymmetry and the condition of
stationarity, the magnetic field (B) and current density (j)
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B=0 B 6=0
Phase space integral 2
h3
∫
d3p = 1
pi2λ3e
∫ ( p
mec
)2
d
(
p
mec
) ∑
ν
2eB
h2
gν
∫
dpz =
2β
(2pi)2λ3e
∑
ν gν
∫
d
(
pz
mec
)
Mass density ρ = µemH
1
3pi2λ3e
x3F ρ = µemH
2β
(2pi)2λe3
∑νm
ν=0 gνxe(ν)
Pressure P = pim
4c5
3h3
[
xF(2x
2
F − 3)
√
1 + x2F − 3 sinh−1 xF
]
P = 2βmec
2
(2pi)2λ3e
∑νm
ν=0 gν(1 + 2νβ)η
(
xe(ν)
1+2νβ
)
Pressure Gradient ∇P = ρ
µemH
∇EF ∇P = ρµemH∇EF +
(
∂P
∂β
)
EF
∇β
Table 1. Description of the non-magnetic and magnetic equations of state. Here λe =
h¯
mec
, xe(ν) =
pzF
mec
, µe: the
mean molecular weight per electron, mH: mass of hydrogen atom, η(z) =
1
2
z
√
1 + z2 − 1
2
ln(z +
√
1 + z2) and
(
∂P
∂β
)
F
=
mec
2
(2pi)2λ3e
∑νm
ν=0 gν
[
Fxe(ν)− (1 + 4νβ) ln xe(ν)+F√1+2νβ
]
.
can be expressed in terms of a flux function u in cylindrical
coordinate (ξ, φ, z) as follows:
B =
1
ξ
(
∇u× φˆ
)
+Bφφˆ. (6)
µ0j =
1
ξ
[
∇(ξBφ)× φˆ
]
− 1
ξ
∇∗uφˆ (7)
where φˆ is the unit vector perpendicular to the ξ − z
plane, ∇∗ = 1ξ
[
∂2
∂ξ2
− 1
ξ
∂
∂ξ
+ ∂
2
∂z2
]
, u = ξAφ = r sin θAφ,
and Aφ is the φ-component of magnetic vector potential
A = (Aξ, Aφ, Az). The φ-component of the magnetic vector
potential satisfies the following partial elliptic differential
equation (Tomimura & Eriguchi 2005):
∇2(Aφ sinφ) = −µ0jφ sinφ (8)
For an axisymmetric stable structure the Lorentz force
has to be purely poloidal. For mixed field condition ξBφ
depends only on the flux function u (Lander & Jones 2009):
ξBφ = f(u) (9)
The Lorentz force then becomes
j×B = − 1
µ0
1
ξ2
[
∇∗u+ f(u) df
du
]
∇u. (10)
Introducing ∇P from Table 1 into Eq. (1) we find
1
µemH
∇EF +∇Φg = 1
ρ
[
j×B−
(
∂P
∂B
)
EF
∇B
]
. (11)
The left hand side of the above equation is the sum of the
gradient of two scalar functions, which demands that the
right hand side must be expressible as the gradient of some
scalar function M. In the absence of the term 1
ρ
(
∂P
∂B
)
EF
,
the current density (j) can be expressed (Lander & Jones
2009) as follows:
µ0j = B
df(u)
du
+ µ0ξρ
dM0(u)
du
φˆ, (12)
here M = M0(u). To consider the effect of magnetic field
dependent degeneracy pressure,M can be approximated as
a sum of two scalar functions M0(u) and M1 where M1 is
defined as follows:
−1
ρ
(
∂P
∂B
)
EF
∇B =∇M1. (13)
The gradient of M1 can be expressed as the sum of two
components, one along ∇u and other normal to ∇u. The
current density (j) can then be written as:
µ0j = B
df
du
(14)
+µ0ξρ
{
dM0
du
+
∇M1 ·∇u
|∇u|2 +
1
ρ
(
∂P
∂B
)
EF
∇B ·∇u
|∇u|2
}
φˆ
where the term M1 can be obtained from Eq. (13) taking
the component perpendicular to ∇u
∇M1 · (φˆ×∇u) = −1
ρ
(
∂P
∂B
)
EF
∇B · (φˆ×∇u) (15)
2.5 Boundary Conditions and Integral Formalism
Considering the boundary conditions for gravitational po-
tential and φ-component of magnetic vector potential to be
the following:
Φg ∼ O
(
1
r
)
as r →∞; (16)
Aφ ∼ O
(
1
r
)
as r →∞; (17)
the Green’s function solution of these variables at r can be
expressed as the volume integral over the source points r′
Φg(r) = −G
∫
ρ(r′)
|r− r′|d
3r′, (18)
Aφ(r) sinφ =
µ0
4pi
∫
jφ(r
′) sinφ′
|r− r′| d
3r′. (19)
Eq. (11) can be integrated following the Hachisu Self-
Consistent-Field technique (Hachisu 1986) to obtain
1
µemH
EF + Φg =M+ C, (20)
where C is the integration constant (Tomimura & Eriguchi
2005).
The Fermi energy(EF) and the potentials Φg and Aφ
can thus be obtained at every point using the above integral
formalism. Here Φg can be calculated at any point if the
mass distribution is known and M can be obtained if the
functional form of M is known. Now when 1
ρ
∂P
∂B
is negligi-
ble,M→M0 andM0 is a function of u(= ξAφ). So, in this
limit the magnetic field distribution can be derived from the
assumed form ofM0(u) and f(u) using Eq. (19) and Eq. (6).
After obtaining a stable configuration assuming M = M0,
c© 0000 RAS, MNRAS 000, 1–8
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Eq. (15) can be used to get M1 and M (= M0 +M1)
for the general solution. The boundary value of M1 may be
assigned from the consideration that in the stellar core elec-
trons can access high Landau levels, minimizing the effect
of quantization. We choose the value of M1 at the core to
be zero.
The quantitiesM0(u) and f(u) are arbitrary functions
of u; the stellar configuration is dependent on their func-
tional form. To study the effect of Landau quantization on
the static stellar structure for a strong magnetic field, we
consider here simple forms of M0(u) and f(u) as follows:
M0(u) ∝ u = α0u ;α0 is a constant (21)
f(u) = 0. (22)
Which would give a purely poloidal (Bφ = 0) magnetic field
in the configuration.
The distribution of mass and magnetic field can then
be obtained self-consistently, starting from an arbitrary ini-
tial mass distribution, by using Eq. (20) iteratively. To carry
out the numerical computations, the physical quantities are
transformed into dimensionless form using scaling parame-
ters derived from maximum density ρmax, equatorial radius
Req and core magnetic field Bcore. In general ρmax is related
to maximum Fermi energy EFmax and Bcore. At any step
of the iteration, the value of the integration constant C is
adjusted using the boundary conditions: (i) EF = EFmax at
the core, (ii) EF = 0 at the surface and (iii) B = Bcore at
EF = EFmax .
The iteration would be terminated when the relative
change of certain parameters (Req, α0 and C) falls below a
specified small number (). We have used a value of  = 10−6.
A configuration in static equilibrium must satisfy the
stellar virial equation (Shapiro & Teukolsky 1983):
3Π +W +M = 0 (23)
here, Π : contribution of internal energy =
∫
PdV ;
W : gravitational potential energy =
∫
ρΦgdV ;
M : magnetic energy =
∫
B2
2µ0
dV ;
and V is space volume.
To check the convergence of our solutions, we tested the
virial condition (Eq. 23) for runs of different resolutions. We
check the deviation from zero of the quantity
|V C| = |3Π +W +M ||W | . (24)
Fig. 1 shows that |V C| decreases with increase in the number
of grid points whether or not the effect of Landau quanti-
zation is included. For the latter the code converges very
well with |V C| well below 10−5. When Landau quantization
is taken into account, the code converges with |V C| below
10−4. Here we have neglected the effect of energy quantiza-
tion when ν is greater than ∼ 20.
103 104 105 106
Number of Grid points
10-6
10-5
10-4
10-3
|V
C
|
P=P(EF )
P=P(EF ,B)
Figure 1. Test of convergence of the numerical solution of the
white dwarf structure. The cases of equation of state without
(×) and with (+) Landau quantization are both shown. With
the increase in the number of grid points, better convergence is
achieved.
3 RESULTS
We now summarize the results obtained with our numerical
procedure described above.
3.1 Configurations without Landau quantization:
increase of maximum mass
If we ignore the effect of Landau quantization on the de-
generacy pressure, then the mass distribution and the mag-
netic field configuration can be obtained for a specified core
density and core magnetic field just using M = M0. The
stellar structure no longer remains spherical for high mag-
netic field as shown in Fig. 2. As expected, the magnetic
field lines show poloidal characteristic and the field strength
plot of Fig. 3 shows a kink at the equatorial plane indicat-
ing a reversal of field direction. The mass distribution is not
spherically symmetric due to the effect of Lorentz force in
the presence of magnetic field. A comparison between radial
distribution of magnetic field (β = B/Bc) and Fermi energy
(F = EF/(mec
2)), shown in Fig. 3, indicates that the radial
gradient of F is higher than the radial gradient of β.
We then construct a sequence of white dwarf configu-
rations with a fixed core magnetic field but varying central
density. From Fig. 4 it is observed that as the central density
is reduced the white dwarf mass decreases and radius in-
creases in the absence of a strong magnetic field. For a fixed
strong core magnetic field, the behaviour of mass and radius
is similar to that of a non-magnetic configuration when the
density is high. But as the central density decreases keeping
the core field strength constant, equilibria at higher masses
than in the absence of magnetic field can be obtained. It is
also observed that below a certain central density there is
no equilibrium configuration for a given core magnetic field.
The ability of a magnetic white dwarf to support more
mass can be explained using the Lorentz term in hydro-
static equilibrium Eq. (1). In the integral form as expressed
in Eq. (20), the magnetic field dependent functionM mod-
ifies the Fermi energy, hence the degeneracy pressure, the
mass density and consequently the gravitational potential.
In our choice of poloidal magnetic field the Lorentz force
(fm = j×B) is zero along the symmetry axis and strong
c© 0000 RAS, MNRAS 000, 1–8
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0.0 0.5 1.0 1.5
ξ/Req
0.5
1.0
1.5
z/
R
eq
0.00
0.12
0.24
0.36
0.48
0.60
0.72
0.84
0.96
Bcore=1×(4.4×109 )T ; EFmax=6.1me c2
Figure 2. Distribution of mass density (grey-scale) in units of
central density and magnetic field lines (solid lines) in the merid-
ional cross-section of a configuration with central mass density
ρmax = 4.275 × 1011 kg.m−3 and core magnetic field strength
Bcore = 4.414 × 109 T. Req is the equatorial radius; ξ and z are
distances from and along the axis of azimuthal symmetry. The
configuration is non-spherical with poloidal magnetic field lines.
0.0 0.2 0.4 0.6 0.8 1.00.0
0.2
0.4
0.6
0.8
1.0
β
a)
θ=0
θ=pi/4
θ=pi/2
0.0 0.2 0.4 0.6 0.8 1.00.0
0.2
0.4
0.6
0.8
1.0
ρ
/ρ
m
ax
b)
0.0 0.2 0.4 0.6 0.8 1.0
r/Req
1
2
3
4
5
6
7
²F
c)
 Bcore =1×(4.4×109 )T ; EFmax =6.1me c2
Figure 3. The radial variation of a) magnetic field (β = B/Bc),
mass density (ρ/ρmax) and c) Fermi energy (F) along the axis
of symmetry (θ = 0), at 45◦ to the symmetry axis and in the
equatorial plane (θ = pi/2) of the white dwarf shown in Fig. 2.
along the equatorial direction, with oppositely directed grav-
itational force (fg = −ρ∇Φ) in the high density region. As
a result, at the core of a strongly magnetized configuration,
the Fermi energy gradient (and hence the mass density vari-
ation) along the equatorial direction is much smaller than
that along the axis (Fig. 3).
We define the additional mass (∆M) supported by the
magnetic field to be the mass difference of configurations of
the same central density with and without magnetic field.
To illustrate the dependence of ∆M on the field strength,
we plot the dimensionless quantity ∆M/M against M /|W |
in Fig. 5. It is observed that the extra mass supported in
the presence of magnetic fields is closely related to the ra-
0.0 0.5 1.0 1.5 2.0
Mass (M/M¯)
0
2
4
6
8
10
12
14
16
R
a
d
iu
s 
(×
1
06
m
)
Bcore=0
Bcore=0.01×Bc
Bcore=0.06×Bc
Bcore=1×Bc
Bcore=10×Bc
Bcore=100×Bc
Bcore=1000×Bc
0.0
0.5
1.0
1.5
2.0
R
/R
¯
×1
0
−2
B dependent Mass-Radius relation
108 109 1010 1011 1012 1013 1014 1015 1016 1017
ρc (kg.m
−3 )
0.0
0.5
1.0
1.5
2.0
M
/
M
¯
Figure 4.Mass-radius relation of white dwarfs for different values
of core magnetic field, with varying central density (ρc). The inset
shows the dependence of mass on central density of these configu-
rations. For a fixed core magnetic field, configurations with lower
central density deviate more strongly from the mass-radius rela-
tion of non-magnetic configurations. The additional matter sup-
ported by magnetic forces can raise the mass limit to ∼ 1.9 M.
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
M/|W|
10
0
10
20
30
40
50
%
 o
f 
a
d
d
it
io
n
a
l 
m
a
ss
Bcore=0.01×Bc
Bcore=0.06×Bc
Bcore=1×Bc
Bcore=10×Bc
Bcore=100×Bc
Bcore=1000×Bc
Figure 5. The fraction of supported additional mass (∆M/M) in
per cent plotted against the ratio of magnetic energy to gravita-
tional energy of configurations with different core magnetic field
strengths. Configurations with ultra-strong core fields are highly
relativistic, and in this limit ∆M/M is nearly independent of the
magnetic field strength.
tio of total magnetic energy to gravitational energy of the
configuration. The excess mass depends, in general, on both
Bcore and M /|W |, but for highly relativistic configurations
the dependence on Bcore nearly disappears. The end points
of the sequences with different core field strengths indicate
that strongly relativistic configurations with magnetic en-
ergy around 12−13 per cent of the gravitational energy can
support more than 0.4M over non-magnetic configurations
extending the maximum mass to ∼ 1.9M.
The gravitational force within a bound object is di-
rected towards the centre of mass of the system. Given our
choice of current density (along φˆ), the resultant Lorentz
force is oriented in the ξ − z plane. The outward radial
component of the Lorentz force would unbind the star if
it exceeds the gravitational force at any point of the con-
c© 0000 RAS, MNRAS 000, 1–8
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0.0 0.2 0.4 0.6 0.8 1.0
r/Req
1.0
0.8
0.6
0.4
0.2
0.0
0.2
0.4
fm .fg
|fg |2
a) θ=pi/2
EFmax =6.1me c
2
EFmax =7.0me c
2
EFmax =8.0me c
2
0.0 0.2 0.4 0.6 0.8 1.0
r/Req
0.0
0.2
0.4
0.6
0.8
1.0
ρ
/
ρ
m
a
x
b) θ=pi/2
0.0 0.2 0.4 0.6 0.8 1.0
r/Rp
0.0
0.2
0.4
0.6
0.8
1.0
ρ
/
ρ
m
a
x
c) θ=0
Figure 6. Comparison between configurations with different central Fermi energy (equivalent to central density) but the same core
magnetic field strength Bcore = 4.414 × 109 T. a) Relative strength of the Lorentz force component along the gravitational force,
evaluated in the equatorial plane. Negative component ratio indicates oppositely directed force components. b) Radial profile of mass
density in the equatorial plane c) Density profile along the symmetry axis. Density profile in the equatorial plane is more strongly
modified due to the presence of Lorentz force.
figuration. This leads to a lower bound on the central den-
sity for a given field strength, as the lowering of the den-
sity decreases the gravitational force contributing to such a
loss of equilibrium. This is clearly seen in Fig. 6a. Fig. 6b
shows that the mass distribution within the configuration is
strongly modified in the equatorial plane in the presence of
Lorentz force, while on the axis of symmetry the mass distri-
bution is hardly affected (Fig. 6c). An equilibrium solution
can be obtained when the Lorentz force component does
not exceed the gravitational force. Our numerical technique
allowed us to continue the equilibrium computations up to
a stage where the Lorentz force component reached nearly
98 per cent of the gravitational force at some point within
the star. Proceeding beyond this point proved challenging,
but an extrapolation of our sequence of results to the full
equality of these two force components suggests that the
mass of the extreme configurations computed by us (Fig. 4)
would be within 1 per cent of the true maximum value.
3.2 Effect of Landau quantization on white dwarf
structure
The inclusion of Landau quantization in the equation of
state modifies the distribution of mass density and the elec-
tron degeneracy pressure within the star. Fig. 7 shows that
in regions where high energy levels can be accessed, this
modification is of insignificant magnitude. However when
the number of levels accessed is small, the mass density
shows a strong dependence on the magnetic field.
Magnetic field dependent degeneracy pressure influ-
ences the stellar structure through the pressure gradient
( ∂P
∂β
∇β). This term dominates over ∂P
∂F
∇F when the Fermi
energy is low (F → 1) and the magnetic field is strong. It
is observed from Fig. 7 and Fig. 3 that this situation arises
only near the stellar surface, where electrons are confined
to the lowest Landau levels. For a fixed Fermi energy, as
the magnetic field strength (β =
2F−1
2
1
ν
) decreases, the fac-
tor ∂P
∂β
approaches zero. Electrons in the core occupy at
least ν =17-20 even for the structures strongly dominated
by magnetic field, namely those near the endpoint of M −R
relations displayed in Fig. 4. As a result the overall effect of
Landau quantization on the white dwarf structure is in fact
minimal. We quantify this below.
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Figure 7. Effect of Landau quantization on the equation of state.
Upper panel: Magnetic field dependence of the mass density in
presence of Landau quantization. The horizontal axis represents
1
ν
which is proportional to magnetic field strength β
(
=
2F−1
2ν
)
.
Labels on the top represent ν, the highest energy level that would
be accessed for the corresponding magnetic field and Fermi en-
ergy. The vertical axis is density normalized to the non-magnetic
case. Lower panel: relative dependence of degeneracy pressure on
magnetic field and mass density for an equation of state with
Landau quantization. Curves for two different values of Fermi
energy are shown. In the upper panel these two curves overlap
completely.
To obtain the stellar structure when the degeneracy
pressure is magnetic field dependent due to Landau quan-
tization, we use M = M0 +M1 in Eq. (20). The configu-
rations obtained for the same core magnetic field strength
and central Fermi energy are almost identical to those with-
out Landau quantization. As shown in Fig. 8, the relative
difference in their mass density is appreciable only at a thin
layer near the stellar surface. However, the density itself is
very low in this layer and hence this contributes very lit-
tle to the total mass. The mass of the configuration, with
or without the effect of Landau quantization, remains the
same to within less than 0.1 per cent.
Table 2 shows that the physical parameters of the max-
imal configurations change very little with the inclusion
c© 0000 RAS, MNRAS 000, 1–8
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central conditions Landau quantization ρc M/M Req/106m Rp/Req |M /W | | V C |
EFmax=6.1mec
2 not considered 145.2618 1.7496 2.8020 0.665 0.1247 5.4088× 10−6
Bcore = 4.414× 109 T considered 145.3913 1.7506 2.8057 0.673 0.1245 3.1047× 10−5
EFmax=59mec
2 not considered 136860.3 1.8995 0.3338 0.680 0.1295 9.3629× 10−06
Bcore = 4.414× 1011 T considered 137128.2 1.9008 0.3411 0.705 0.1289 1.9038× 10−05
Table 2. Comparison of configurations with and without the consideration of Landau quantization (grid=512×512). Here ρmax =
ρc × 2.9× 109 kg.m−3 is the maximum mass density, M is the total mass of the configuration, Req and Rp are the equatorial and polar
radii and M and W are the total magnetic and gravitational energy respectively.
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Figure 8. Relative modification of mass distribution of the con-
figuration of Fig. 2 due to the inclusion of Landau quantization in
the equation of state. Here δ(ρ/ρmax) = ρ1/ρmax − ρ0/ρmax, ρ0
and ρ1 being the mass density of the configurations without and
with the inclusion of Landau quantization and ρmax is the maxi-
mum density of either configuration. a) Distribution of δ(ρ/ρmax)
through the star and b) Equatorial (solid) and polar (dashed) cuts
through the distribution shown in panel a). The relative mass
density differs less than 1 per cent between the quantised and
the non-quantised configurations. The plot of ρ1/ρ0 in panel c)
shows that this difference is significant only very near the stellar
surface. Here, Rθ is the distance of the stellar boundary from the
centre at an angle θ from the symmetry axis.
of Landau quantization. For the two configurations listed,
namely with βc = 1 and 100, Landau quantization affects
the central density by approximately 0.1-0.2 per cent and
M /|W | ratio by less than 0.5 per cent as the mass and the
radius remain nearly the same. One noticeable effect of Lan-
dau quantization is the reduction of asphericity, as the ratio
of Rp to Req is seen to increase by up to several percent.
3.3 The form of the current distribution
The functions f(u) andM(u) of Eq. (12) are arbitrary func-
tions of u. So far we have used the functional form as men-
tioned in Eq. (22) and Eq. (21). However, as discussed by
Fujisawa et al. (2012), these functions may be chosen to have
a more general form as follows:
M(u) = α0
1 +m
(u+ )m+1 (25)
f(u) =
{
κ0
k+1
(u− umax)k+1 if u > umax,
0, if u 6 umax.
(26)
here α0, κ0, m, k and  are constants, umax is the maximum
value of u on the stellar surface,  = 1 × 10−6 is used to
avoid the divergence of the function M.
A non-zero value of f(u) within stellar interior gives the
toroidal component of the magnetic field. Our computations
with different forms of f(u) suggest that such configurations
can support at most a few percent of the total magnetic field
energy in the toroidal component, as also found by Fujisawa
et al. (2012). The toroidal fraction becomes smaller with
the rise of the poloidal strength. Thus the inclusion of the
toroidal component does not significantly affect the estimate
of maximum field strength in static equilibrium.
The parameter m controls the functional form ofM(u).
For m=0 (and  → 0) Eq. (25) reduces to the form used in
Eq. (21). The poloidal magnetic field strength rises sharply
towards the centre for m <-1, and becomes more uniform
with increasing m (Fujisawa et al. 2012). For the m=0 con-
figuration studied here, B is maximum at the core and the
current density (j) peaks at a radius in between the centre
and the surface. This causes the Lorentz force density (fm)
to peak at an equatorial radius in between the centre and
the location of maximum j. The position of the Lorentz force
peak moves outwards with increasing m. The gravitational
force density (fg) also has a peak in between the centre and
the surface, as it is zero at both these limits. It turns out
that the peak locations of the Lorentz force density and the
gravitational force density are well matched for m ∼ 0, mak-
ing this a case well suited to the study of configurations with
maximal magnetic support.
4 DISCUSSION AND CONCLUSIONS
In this paper we have computed the structure of station-
ary, axisymmetric, perfectly conducting electron degenerate
white dwarfs with strong poloidal magnetic field, and have
presented the resulting mass-radius relations. Our findings
are:
i) The white dwarf of a given central density can support
a larger mass in the presence of a strong magnetic field as the
Lorentz force can augment the pressure gradient balancing
gravity. Solutions for static configurations can be obtained
as long as the local Lorentz force density does not exceed
the gravitational force density anywhere within the star.
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ii) For a fixed core magnetic field, as the central density is
decreased from its maximal value, the mass and the radius
of a white dwarf initially follow a relation similar to that of a
non-magnetic configuration. However the relation starts to
depart strongly from the non-magnetic case as the gravita-
tional energy of the configuration drops to values compara-
ble to the magnetic energy, since additional mass can then
be supported by the Lorentz force. For a purely poloidal field
structure a strongly relativistic white dwarf can support an
additional mass of up to ∼ 0.5M, when the magnetic field
energy of the configuration is approximately 13 per cent of
the gravitational energy.
iii) Even at the maximum strength of the magnetic field,
the impact of Landau quantization on the stellar structure
is found to be not significant; the physical parameters of
configurations computed with and without the inclusion of
Landau quantization differ by less than one per cent.
It is to be noted that the results presented above relate
only to magnetostatic equilibrium conditions. The stabil-
ity of these equilibria are not addressed here. At extremely
high matter density neutronization due to electron capture
may ensue, reducing the electron degeneracy pressure sup-
port. The threshold Fermi energy for neutronization for He-
lium, Carbon and Oxygen correspond to critical densities
in the range 1013−14 kg.m−3 (Shapiro & Teukolsky 1983;
Chamel et al. 2013, 2014). We find that configurations with
Bcore = 10 − 20 Bc show maximum mass close to 1.9 M
(Fig. 4) even for densities below this limit. However magnet-
ically supported configurations such as these may be prone
to several dynamical instabilities. For example, if the inte-
rior field distribution is not force-free, then reorganisation
of the field structure may proceed in Alfve´n time scale if the
interior behaves as a perfect fluid, or in viscous/elastic time
scale if that happens to be longer. Dissipation of currents
due to ohmic effects, assisted by Hall cascade in favourable
circumstances (Goldreich & Reisenegger 1992), would af-
fect the strength and distribution of the interior magnetic
field over the long term. For typical physical parameters of
the strongly magnetized configurations considered here, the
Alfve´n time evaluates to ∼ 0.1 s, the viscous time to ∼ 1017 s
and the ohmic time to ∼ 1018 s (using expressions for vis-
cosity from (Durisen 1973) and resistivity from Yakovlev &
Urpin (1980) and Cumming (2002)). Interchange instabili-
ties such as Parker modes may also become important for
specific distributions of magnetic field and matter. Braith-
waite (2009) and Braithwaite & Nordlund (2006) demon-
strate that for a low field axisymmetric stable polytropic
star the upper limit on the energy of the poloidal field is
about 80 per cent of total magnetic energy. Further inves-
tigation of this for the configurations presented here will
be undertaken in a forthcoming work. Nevertheless, It does
appear that at least short-lived super-Chandrasekhar mass
white dwarfs may indeed form via magnetic support and
possibly contribute to over-luminous SNIa.
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